Abstract. We perform a new inequality regarding the operator
Introduction
The main object of the paper is to study the Cauchy problem associated the nonlinear Schrödinger equation (NLS), with d ≥ 1, namely we start to consider:        iu t + ∆u + β(|u| 2 )u = 0, (t, x) ∈ R × R d ,
Here, we require that the nonlinearity function β satisfies the following minimal conditions:
(H1) The function β is measurable and such that β(0) = 0. For every v ∈ R, there exists β ′ (v 2 ) if |v| ≥ 1. Moreover, we have for some σ ∈ R β ′ (v 2 )v 2 = σβ(v 2 ); (1.2) (H2) β enjoys some rescaling properties, namely β(x) = λ µ 1 β(λ ν 2 x), for some λ 1 , λ 2 > 0 and µ, ν ∈ R. The next step is to look to the properties of standing wave solutions u(t, x) = e it Q(x), with Q > 0, radially symmetric function. Clearly, Q will then satisfy the profile equation
At this point, we investigate some relevant features concerning the solution Q to the above equation (1.3) which can be summarized in the following proposition (see [8] and [14, 15, 16] ). Either Q is solution of (1.3).
2.
Either Q satisfies the identities (Pohozaev's)
In addition, there exists x 0 ∈ R d and a decreasing function ρ :
Strictly connected with the proof of the previous general proposition and in order to shed lights on the stability of the solitary wave type solutions, one can perform the analysis of the following differential operator having domain
Remark 1. The Pohozaev identities (1.5) and (1.6) imply the following equivalent ones There is a consistent literature, both in physics and mathematics, regarding the bound state theory for the problem (1.1). As far as concern the former, it is known that the systems of Schrödinger equations take an important role in many models of mathematical physics: they provide a description of the interactions of M-wave packets, the nonlinear waveguides, the optical pulse propagation in birefringent fibers, the propagation of polarized laser beam in Kerr-like photorefractive media and in the Bose-Einstein condensates theory, just itemizing a few. We remand to [1] , [6] , [7] , [12] , [13] , [17] and to [18] for a general look on references.
If one consider the latter, by setting
u = e it [Q + ϵv] = e it [Q + ϵ( Re v + i Im v)] in (1.1
) and ignoring the o(ϵ)-terms, it is possible to obtain the following linearized system
As it is customary, we adopt the notation
In such a way we can rewrite the eigenvalue problem (1.9) in the Hamiltonian form ⃗ v t = J L⃗ v. Note that J is clearly skew-symmetric. One can show that L is a self-adjoint operator. Indeed, by applying the KLMN theorem (see Theorem X.17 in [19] ) for the operators
where
and
We are in position to conclude that L ± are self -adjoint operators, whence L is self-adjoint as well. Because of J is clearly skew-symmetric and by Weyl's criterion, both operators L ± , have absolutely continuous spectrum, which fills the interval [1, ∞). In addition, one can also verifies that L + has at most one negative eigenvalue.
A fundamental tool to study the stability properties for solutions to (1.1) it is the ground states techniques and the resulting standing waves. These were obtained for the first time in [20] for the NLS equation with pure power nonlinearity, that is β(|u|) = |u| p , for 0 < p < 4/(d − 2) and were successively used for proving the orbital and asymptotic stability by various authors such as in [3] and [5] for the NLS general local nonlinearities. Recently, non-local nonlinearities in (1.1) where took into account. More precisely, if β(|u|, ·) = I α (·) * |u| p , for p > 1, stability properties where explored in the papers [15] , [9] and in [10] . We present an a-priori inequality here, which drives to spectral results necessary for showing existence and eventually uniqueness for NLS ground states by treating in unified manner both local and non-local cases.
More precisely, our main contribution of this paper is the following.
Theorem 1. The operator L + associated to the positive minimizer Q of W(u) and having the form as in (1.7) satisfies the following inequality,
where ⟨·, ·⟩ is the classical inner product in L 2 and k > 0 is the costant given by the Pohozaev identities (1.8).
The Gagliardo-Nirenberg inequality
First, we need of following useful lemma.
is differentiable and its derivative at t = 0 is given by
Proof.
We skip the proof because of the fact that is well-known in the literature, we remand, for example, to Lieb-Loss, 2001.
At that point we can proceed with the following.
Proof of the Theorem 1.
Suppose now that Q is a positive minimizer of W with Q ∈ H 1 rad (R n ) and consider now
1 we recall that Q is a bell -shaped (or polynomial function).
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with h ∈ C ∞ 0 (R n ) and ε > 0. Let us calculate the first variation of (1.4). Namely, we have the relation
We notice that the r.h.s. of the previous identity is equal to I(ε)R(ε), where R(ε) given by
By the by condition (1.2), the identities (1.8), (2.2) and the fact that I ′ (0) = 0 we have that R(0) = 0 and so we arrive at the equation
that is the ground states equation (1.3). Let us perform now the second variation of I(ε). We have now
thus by a further use of (2.2). Because the fact that Q is a minimizer, we need to have I ′′ (0) ≥ 0 which implies, by (2.4) that R ′ (0) ≥ 0. Thus, it is enough to see for
The above equality, in combination with (1.8), leads after a rearrangement to the inequality
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which can be rewritten as
that is the desired inequality (1.10). The proof of the theorem in the accomplished.
An immediate consequence of the Proposition (1) is the following one Corollary 1. Let Q be a minimizer of (1.4), satisfying the equation This completes the proof of the corollary.
The above corollary in combination with the Theorem 1, if one note that β(
is a compact linear operator, implies also the following. 
